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Abstract
Let G be a locally compact group of type I and Ĝ its dual space. Roughly speaking, qualitative uncertainty
principles state that the concentration of a nonzero integrable function on G and of its operator-valued
Fourier transform on Ĝ is limited. Such principles have been established for locally compact abelian groups
and for compact groups. In this paper we prove generalizations to the considerably larger class of groups
with finite dimensional irreducible representations.
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0. Introduction
Let G be a unimodular locally compact group equipped with a left Haar measure mG. Let Ĝ
denote the dual space of G, that is, the set of equivalence classes of irreducible unitary repre-
sentations of G, endowed with Fell’s topology. Suppose that there exists a (necessarily unique)
measure μG on Ĝ such that the Plancherel formula
∫
G
∣∣f (x)∣∣2 dmG(x) = ∫
Ĝ
tr
(
π(f )π(f )∗
)
dμG(π)
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G
f (x)π(x)dmG(x) for f ∈ L1(G) and any
representation π of G and trT denotes the trace of an operator T . Following [15], let us call such
a group a Plancherel group. For f ∈ L1(G), let
Af =
{
x ∈ G: f (x) = 0} and Bf = {π ∈ Ĝ: π(f ) = 0}.
With this notation, G is said to satisfy the qualitative uncertainty principle (QUP) if for every
f ∈ L1(G) ∩ L2(G), the condition that mG(Af ) < mG(G) and μG(Bf ) < μG(Ĝ) implies that
f = 0 almost everywhere. Moreover, G satisfies the weak qualitative uncertainty principle (weak
QUP) if mG(Af )μG(Bf ) 1 for all nonzero functions f ∈ L1(G)∩L2(G). Note that neither of
these properties depends on the particular choice of Haar measure on G and Plancherel measure
on Ĝ provided that these two measures are related by the Plancherel formula.
In 1974 Benedicks showed that Rn satisfies the QUP (see [3]), and the same result was ob-
tained by Amrein and Berthier [1] using Hilbert space techniques. Hogan [14] proved that the
QUP holds for a noncompact and nondiscrete abelian locally compact group G with connected
component of the identity G0 if and only if G0 is noncompact. Somewhat more general, the
main result of [15] implies that the same statement holds true if G possesses an abelian sub-
group of finite index (equivalently, there is a finite upper bound for the dimensions of irreducible
representation). Furthermore, an infinite compact group satisfies the QUP if and only if it is con-
nected [15]. Matolcsi and Szücs [20] proved that the weak QUP holds for every locally compact
abelian group (see also [25]). On the other hand, a compact group G satisfies the weak QUP pre-
cisely when the quotient group G/G0 is abelian [18]. For variants of these qualitative uncertainty
principles for other types of groups compare [2,4,7,18], and for the description of minimizing
functions in some special cases see [6,16,18,25]. An excellent survey is given in [10].
A natural and considerably larger class of locally compact groups, which comprises both,
finite extensions of abelian groups and compact groups, is the class of groups with finite dimen-
sional irreducible representations. Such groups are usually called Moore groups because their
structure has been completely clarified by Moore [21] (see also [23]). In this paper we investi-
gate the QUP and the weak QUP for Moore groups. A Moore group G which is neither compact
nor discrete, turns out to satisfy the QUP if and only if G0 is noncompact (Theorem 2.4). If
the weak QUP holds for a Moore group G, then either G0 is noncompact or G0 is compact
and G/G0 is abelian (Theorem 3.1). The converse is true at least when G is a Lie group (Theo-
rem 3.3). We strongly emphasize that we do not assume G to be second countable. Consequently,
we cannot utilize the general Plancherel formulae as developed in [17]. On the other hand, for a
Moore group G many more specific properties of the Plancherel measure on Ĝ are available and
these are discussed in Section 1. These properties combined with the structure theory of Moore
groups represent our main tools.
1. Preliminaries and the fine structure of Plancherel measure
We have to introduce some notation. Let H be a closed subgroup of a locally compact
group G. For representations π of G and τ of H , π |H and indGH τ will denote the restriction
of π to H and the representation of G induced by τ , respectively. If π is finite dimensional,
dπ stands for the dimension of π and the support of π , suppπ , is the collection of all irreducible
subrepresentations of π . Note that if H has finite index [G : H ] in G and π = indGH τ , then
dπ = [G : H ]dτ .
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x ∈ G, h ∈ H , and the orbit of τ under this action is denoted G(τ). Moreover, Gτ will denote the
stabilizer of τ , that is, the subgroup {x ∈ G: x · τ = τ } of G. When π is irreducible, supp(π |H )
equals G(τ) for some τ ∈ Ĥ . In many cases, Mackey’s theory [19] allows to construct Ĝ by
inducing irreducible representations from stability groups Gτ , τ ∈ Ĥ . In particular, Mackey’s
theory applies to groups with finite dimensional irreducible representations. Thus, if τ ∈ Ĥ is
such that Gτ = H then indGH τ ∈ Ĝ. Whenever convenient, we shall identify a representation π of
G/H with its pullback to G. In this manner, the dual space Ĝ/H is always considered as a closed
subset of Ĝ. As references to representation theory and topologies in spaces of representations
as well as continuity of the restriction and inducing processes we mention [5] and [9].
Finally, with slight abuse of notation, 1E will denote the indicator function of a subset E of a
set, but also the trivial 1-dimensional representation of E when E is a group.
Let G be a Moore group. Theorem 2 of [21] asserts that a Lie group (a locally compact group
whose connected component of the identity is open and an analytic group) is a Moore group if
and only if it has a closed normal subgroup H of finite index such that H/Z(H), the quotient
group of H modulo its centre Z(H), is compact. Of course, quotients of Moore groups are Moore
groups. The class of Moore groups is closed under the formation of projective limits, and an
arbitrary Moore group is a projective limit of Lie groups [21, Theorem 3]. Every Moore group G
possesses a neighbourhood basis of the identity consisting of conjugation invariant sets and GF ,
the subgroup consisting of all elements of G with relatively compact conjugacy classes, is an
open normal subgroup of finite index in G. It follows from a structure theorem established in [11,
Theorem 3.16] that GF is a direct product of a vector group Rn and of a locally compact group
H whose closed commutator subgroup [H,H ] is compact and is contained in some compact
open normal subgroup.
In [12] a Borel measure νG on Ĝ was constructed satisfying
∫
G
∣∣f (x)∣∣2 dmG(x) = ∫
Ĝ
d−1ρ tr
(
ρ(f )ρ(f )∗
)
dνG(ρ)
for all f ∈ L1(G) ∩ L2(G). Thus dμG(ρ) = d−1ρ dνG(ρ) is a Plancherel measure.
Proposition 1.1. Let G be a Moore group and let μG and μGF be Plancherel measures on Ĝ
and ĜF , respectively.
(i) Let T ⊆ ĜF and S ⊆ Ĝ be defined by
T = {τ ∈ ĜF : Gτ = GF } and S =
{
indGGF τ : τ ∈ T
}
.
Then T and S are open and
μGF (ĜF \ T ) = 0 and μG(Ĝ \ S) = 0.
(ii) Let ĜF /G be the space of all G-orbits in ĜF , equipped with the quotient topology. De-
fine maps r : Ĝ → ĜF /G and s : ĜF → ĜF /G by r(π) = supp(π |G ) for π ∈ Ĝ andF
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μG(M) = 1[G : GF ]μGF
(
s−1
(
r(M)
))
for every Borel set M in Ĝ.
Proof. All the statements follow essentially from what has been shown in [12] after identifying
Ĝ and ĜF with the set of normalized traces of irreducible representations of G and GF , respec-
tively. By Lemma 1 of [12], T is open in ĜF and ĜF \ T is a local νGF -zero set. However, since
νGF is inner regular [12, Satz 3], ĜF \ T is actually a νGF -zero set and this implies that
μGF (ĜF \ T ) =
∫
ĜF \T
d−1τ dνGF (τ ) = 0.
The set S is open in Ĝ [12, Korollar 2]. With maps r : Ĝ → ĜF /G and s : ĜF → ĜF /G as
in (ii), the measure νG was defined in [12] by νG(M) = νGF (s−1(r(M)) ∩ T ) for any Borel
subset M of Ĝ (compare the proof of [12, Satz 3]). Consequently,
νG(Ĝ \ S) = νGF
(
s−1
(
r(Ĝ \ S))∩ T )= νGF (∅) = 0
and this in turn implies that
μG(Ĝ \ S) =
∫
Ĝ\S
d−1π dνG(π) = 0.
Moreover, since s−1(r(S)) = T and dπ = [G : GF ]dτ for π = indGGF τ , τ ∈ T , it follows that
μG(M) = μG(M ∩ S) =
∫
M∩S
d−1π dνG(π)
= 1[G : GF ]
∫
s−1(r(M))∩T
d−1τ dνGF (τ )
= 1[G : GF ]μGF
(
s−1
(
r(M)
))
for every Borel subset M of Ĝ. Finally, the maps r and s are continuous and open [12]. 
Let G be a Moore group such that GF = G and let K be a compact normal subgroup of G such
that G/K is abelian. Then for each σ ∈ Ĝ, the coset σ ⊗ Ĝ/K = {σ ⊗ λ: λ ∈ Ĝ/K} is an open
and closed subset of Ĝ and the mapping tσ : λ → σ ⊗ λ from Ĝ/K onto σ ⊗ Ĝ/K is continuous
and open. If π and σ are irreducible representations of G such that supp(π |K) = supp(σ |K),
then π = σ ⊗ λ for some λ ∈ Ĝ/K .
344 E. Kaniuth / Journal of Functional Analysis 257 (2009) 340–356The measure νG was shown to be translation invariant in the following sense. For any function
g on Ĝ and π ∈ Ĝ, define πg on Ĝ by
πg(ρ) = d−1π d−1ρ
∑
τ∈Ĝ
dτm(τ,π ⊗ ρ)g(τ), ρ ∈ Ĝ,
where m(τ,π ⊗ ρ) denotes the multiplicity of the representation τ in the tensor product π ⊗ ρ.
Then ∫
Ĝ
g(τ ) dνG(τ) =
∫
Ĝ
πg(τ ) dνG(τ)
for all π ∈ Ĝ and g ∈ L1(Ĝ, νG).
Lemma 1.2. Retain the preceding situation and notation. Let σ ∈ Ĝ and let kσ denote the number
of elements λ of Ĝ/K such that σ ⊗ λ = σ . Then, for every Borel subset S of σ ⊗ Ĝ/K ,
μG(S) = dσ
kσ
μG
(
t−1σ (S)
)
.
Proof. Let S be as in the lemma and let Q = t−1σ (S). Then
σ (1Q)(ρ) = d−1σ d−1ρ
∑
λ∈Q
m(λ,σ ⊗ ρ) = d−1σ d−1ρ
∑
λ∈Q
m(σ ⊗ λ,ρ).
In particular, σ (1Q)(ρ) = 0 whenever ρ /∈ S. On the other hand, if ρ ∈ S, then ρ = σ ⊗ λ0 for
some λ0 ∈ Q and hence σ ⊗ λ = ρ if and only if σ ⊗ λλ0 = σ . Thus σ (1Q)(ρ) = d−2σ kσ for
ρ ∈ S. Since νG is translation invariant, it follows that
μG(Q) =
∫
Ĝ
d−1ρ 1Q(ρ)dνG(ρ) =
∫
Ĝ
σ
[
d−1ρ 1Q(ρ)
]
dνG(ρ)
= d−2σ kσ
∫
S
dνG(ρ) = d−1σ kσ
∫
S
d−1ρ dνG(ρ)
= d−1σ kσμG(S),
as was to be shown. 
In the next lemma, we present a special situation in which the numbers kσ turn out to be equal
to one.
Lemma 1.3. Let K be a compact normal subgroup of G such that G/K is abelian. Z be a closed
subgroup of G which is contained in the centre of G and suppose that G/Z is connected. Then
μG(S) = dσμG
(
t−1σ (S)
)
for every σ ∈ Ĝ and every Borel subset S of σ ⊗ Ĝ/K .
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{γ ∈ Ĝ/K: σ ⊗ γ = σ } is a closed subgroup of Ĝ/K and hence Γσ = Ĝ/H for some closed
subgroup H of G containing K . Using basic properties of induced representations and tensor
products, the fact that σ = σ ⊗ γ for all γ ∈ Ĝ/H yields that σ ⊗ indGH 1H = indGH (σ |H ) is a
multiple of σ . Since σ is finite dimensional, we conclude that H has finite index in G. Moreover,
it follows that both, σ |Z and (indGH (σ |H ))|Z are multiples of the same character χ of Z and
hence indZH∩Z(σ |H∩Z) is also a multiple of χ . This in turn implies that H ⊇ Z. Finally, as G/Z
is connected and H is open in G, we conclude that H = G. Thus Γσ = {1G}, as required. 
2. The QUP for Moore groups
As mentioned in the introduction, Hogan [14] has shown that a locally compact abelian
group G, which is neither compact nor discrete, satisfies the QUP if and only if the connected
component of the identity of G is noncompact. More generally, the main result of [15] implies
that the same statement holds true for groups with bounded representation dimension, that is, lo-
cally compact groups possessing an abelian subgroup of finite index. The purpose of this section
is to extend this to the considerably larger class of Moore groups. In preparation, we present the
following three lemmas.
Lemma 2.1. Let G be a Plancherel group and K a compact normal subgroup of G. If G satisfies
QUP (the weak QUP), then the same is true of G/K .
Proof. Let Haar measures on K , G and G/K be chosen so that mK(K) = 1 and Weil’s formula
holds. Then, with q : G → G/K denoting the quotient homomorphism,
mG/K(Af ) = mG(Af ◦q) and μG/K(Bf ) = μG(Bf ◦ q) = μG(Bf ◦q)
for any f ∈ L1(G/K). In fact, the last equality follows from the orthogonality relations for
irreducible representations of compact groups which imply that
π(f ◦ q) =
∫
G/K
f
(
q(x)
)
π(x)
∫
K
π(k)dmK(k) = 0
for all π ∈ Ĝ \ Ĝ/K . Because mG/K(G/K) = mG(G/K) and μG/K(Ĝ/K) = μG(Ĝ/K) 
μG(Ĝ), the statements of the lemma follow. 
Lemma 2.2. Let G be a Moore group and suppose that GF satisfies the QUP. Then the QUP
holds for G.
Proof. We can assume that G is noncompact. Let H = GF and let T and S be as in Proposi-
tion 1.1, that is,
T = {τ ∈ Ĥ : Gτ = H } and S =
{
indGH τ : τ ∈ T
}
.
Let f ∈ L1(G) ∩ L2(G) be such that mG(Af ) < mG(G) and μG(Bf ) < μG(Ĝ). Fix a ∈ G
and consider g = (Laf )|H ∈ L1(H) ∩ L2(H) and h = f˜ |a−1H , the trivial extension of f |a−1H
346 E. Kaniuth / Journal of Functional Analysis 257 (2009) 340–356to all of G. Then, since mG(Af ) < ∞ and mG(H) = ∞, mG(Ah) < mG(a−1H) < mH(H) and
therefore
mH(Ag) = mG(Ag˜) = mG(AL
a−1 (g˜ )) = mG(Ah) < mH(H).
If τ ∈ Bg ∩ T , then indGH τ(f ) = 0 [7, Lemma 1.1] and hence, using Proposition 1.1(i),
μH(Bg) = μH(Bg ∩ T ) μH
(
s−1
(
r
({
indGH τ : τ ∈ Bg
})))
 μH
(
s−1
(
r(Bf ∩ S)
))= [G : H ]μG(Bf ∩ S)
= [G : H ]μG(Bf ).
Since μG(Bf ) < ∞ and μH(Ĥ ) = [G : H ]μG(Ĝ), we get that μH(Bg) < μH(Ĥ ). Because the
weak QUP holds for H , it follows that g = 0 and hence f = 0 as a ∈ G was arbitrary. 
Lemma 2.3. Let G be a direct product G = A×H , where A is an abelian locally compact group
with noncompact connected component of the identity and H is a Moore group. Then G satisfies
the QUP.
Proof. Note first that Plancherel measure on Ĝ = Â × Ĥ is the product of Haar measure on
Â and Plancherel measure on Ĥ . Moreover, mG(G) = ∞ as well as μG(Ĝ) = ∞ since A is
noncompact and nondiscrete.
Let f ∈ L1(G) be such that mG(Af ) < ∞ and μG(Bf ) < ∞. There exists a conull set Σ in
Ĥ such that μA({α ∈ Â: α × σ ∈ Bf }) < ∞ for all σ ∈ Σ . Fix σ ∈ Σ and let ξ, η ∈ H(σ), the
representation space of σ . Then, since f ∈ L1(G), the integral ∫
H
f (a, x)〈σ(x)ξ, η〉dmH (x) ex-
ists for almost all a ∈ A and defines a function, denoted fσ,ξ,η , in L1(A). Then mA(Afσ,ξ,η ) < ∞
since fσ,ξ,η(a) = 0 implies that f (a, x) = 0 for all x in a set of positive measure in H .
For α ∈ Â, we have
f̂σ,ξ,η(α) =
∫
A
∫
H
f (a, x)
〈
σ(x)ξ, η
〉
α(a)dmH (x)dmA(a)
= 〈(α × σ)(f )(1 ⊗ ξ),1 ⊗ η〉.
Therefore, if α ∈ Bfσ,ξ,η then α × σ ∈ Bf . Consequently,
μA(Bfσ,ξ,η ) μA
({α ∈ Â: α × σ ∈ Bf })< ∞.
Since A is abelian with noncompact connected component of the identity, the QUP holds for
A and hence fσ,ξ,η = 0. Since ξ, η ∈ H(σ) are arbitrary and Σ is dense in Ĥ , it follows that
f (a, x) = 0 almost everywhere on A × H , and we are done. 
The reader who is familiar with representation theory, will easily recognize that if the appro-
priate minor modifications are made, the proof of Lemma 2.3 goes through if both A and H are
only assumed to be Plancherel groups with one of them satisfying the QUP and if one replaces
Â and Ĥ by the reduced duals of A and H , respectively.
We are now ready to extend Hogan’s result mentioned at the outset of this section.
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the QUP if and only if the connected component of the identity of G is noncompact.
Proof. Suppose first that the QUP holds for G and, towards a contradiction, assume that G0 is
compact. Since H = G/G0 is totally disconnected and every compact subgroup of HF is con-
tained in a compact normal subgroup of H [11], it follows that G possesses a compact open
normal subgroup K . Then, since G is noncompact, mG(A1K ) = mG(K) < ∞ = mG(G). More-
over, K is nontrivial since G is nondiscrete, and hence Ĝ\ Ĝ/K is a nonempty open subset of Ĝ.
Then, since suppμG = Ĝ, μG(Ĝ \ Ĝ/K) > 0. On the other hand, μG(B1K ) = μG(Ĝ/K) < ∞
since G/K is discrete. These two facts together imply that μG(B1K ) < μG(Ĝ). So the QUP is
violated and therefore G0 must be noncompact.
Conversely, suppose that G0 is noncompact. By Lemma 2.2 it suffices to show that GF sat-
isfies the QUP. Now, GF is a direct product GF = V × H , where V is a vector group and H
contains a compact open normal subgroup. Thus, since (GF )0 is noncompact, V has to be non-
trivial. Then Lemma 2.3 applies with A = V and yields that the QUP holds for GF . 
The remaining cases of a compact group and a discrete Moore group are treated in Corol-
laries 2.6 and 2.7 and Proposition 2.8 below. To start with, let G be an infinite compact group.
Since, for such G, μG(E) < μG(Ĝ) if and only if E is finite and this is equivalent to μ(E) < ∞
for the measure μ considered in [15], Corollary 2.6 is precisely Theorem 2.6 of [15] which was
proved there by reducing to the Lie group case and applying [22, Lemma 0.3]. For the reader’s
convenience, we present a somewhat shorter and more focused proof. The next lemma will also
be used later in the paper.
Lemma 2.5. Let K be a compact group and f ∈ L2(G) ⊆ L1(G) and suppose that Bf is finite.
Then there exists an open subgroup C of K such that, for every a ∈ K , f |aC either vanishes
almost everywhere or is nonzero almost everywhere.
Proof. Since Bf is finite, by the Peter–Weyl theorem f is equal almost everywhere to a fi-
nite linear combination, g say, of coordinate functions associated to irreducible representations
σ1, . . . , σn of K . It suffices to prove the statement of the lemma for g. There exists a closed
normal subgroup L of K such that K/L is a Lie group and σ1, . . . , σn ∈ K̂/L. So g is constant
on cosets of L and therefore, after passing to K/L, we can henceforth assume that K is a Lie
group. Let C = K0, the connected component of the identity. Now, any coordinate function of a
finite dimensional representation on the connected Lie group C, and hence on cosets of C, is an
analytic function. Consequently, g|aC is either zero or nonzero almost everywhere. 
Corollary 2.6. An infinite compact group G satisfies the QUP if and only if it is connected.
Proof. Suppose first that G is connected and let f ∈ L2(G) be such that Bf is finite. It then
follows from Lemma 2.4 that f is nonzero almost everywhere on G. Thus mG(Af ) = mG(G).
Conversely, if G is not connected, then there exists a proper open normal subgroup H of G
and the function f = 1H satisfies mG(Af ) = mG(H) < mG(G) and μG(Bf ) = μG(Ĝ/H) is
finite. 
Corollary 2.7. Let G be an infinite discrete Moore group. Then the QUP holds for G if and only
if GF is a torsion-free abelian group.
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group (compare the proof of Theorem 2.4). Since every finite subgroup of GF is contained in
a finite normal subgroup of G, it follows that GF is torsion-free. However, a torsion-free group
with finite conjugacy classes is abelian [24, Theorem 4.32].
Conversely, let GF be torsion-free (and hence abelian). Then the compact dual group ĜF
is connected [13, Theorem 24.25] and therefore satisfies the QUP. As pointed out in [15] after
Corollary 2.5, for an abelian group A, it follows from the symmetry between A and Â in the
statement of the QUP and Pontrjagin’s duality theorem that the QUP holds for A if and only if it
holds for Â. So the QUP holds for GF and hence for G by Lemma 2.2. 
For completeness, we finally discuss the case of a finite group.
Proposition 2.8. A finite group G satisfies the QUP if and only if G is of order 1 or 2.
Proof. We only have to show that if the QUP holds for G, then G is of order  2. Assume
first that G is not abelian. Then there exists an irreducible representation π of G with dπ  2.
Define a function f on G by f (x) = tr(π(x)). By a theorem of Burnside [8, (6.9)], f (x) = 0 for
some x ∈ G, whence mG(Af ) < mG(G). The orthogonality relations imply that Bf equals the
singleton {π}. Thus μG(Bf ) < μG(Ĝ) and this contradiction shows that G is abelian. Suppose
now that G has a character χ which has order  3 in Ĝ and define a function f on G by
f (x) = χ(x)(1 − χ(x)). Then Af ⊆ G \ {e} and
f̂ (1G) =
∑
x∈G
χ(x) −
∑
x∈G
χ(x)2 = 0,
so that the QUP does not hold. Therefore every nontrivial character of G has order two. Finally,
suppose that G has order  3. Then G possesses a nontrivial subgroup H of index 2, and the
characteristic function 1H of H satisfies
mG(A1H ) < mG(G) and μG(B1H ) = μG(Ĝ/H) < μG(Ĝ).
This contradiction finishes the proof. 
Remark 2.9. In some papers, for instance [2,7,22], the following variant of the QUP is considered
(sometimes also replacing μG by a measure akin to it). If f ∈ L1(G) ∩ L2(G) is such that
mG(Af ) < ∞ and μG(Bf ) < ∞, then f = 0. Of course, if G is noncompact and μG is an
infinite measure, then this property equals the QUP. However, there are nondiscrete Plancherel
groups which nevertheless have a finite Plancherel measure. Examples are provided by the ax +
b-group and by the semidirect product R  Z, where Z acts on R by n · t = ent , t ∈ R, n ∈ Z.
Actually, we do not even know whether for a Moore group G finiteness of the Plancherel measure
forces G to be discrete.
3. The weak QUP for Moore groups
In this section we investigate the weak qualitative uncertainty principle for Moore groups. Our
first purpose is to establish the following theorem.
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pact, or G0 is compact and G/G0 is abelian.
The essential step in proving Theorem 3.1 is the following lemma.
Lemma 3.2. Let G be a discrete Moore group. If the weak QUP holds for G, then G is abelian.
Proof. We first show that G = GF . Let δe denote the Dirac function at the identity e and let
S = {indGN τ : τ ∈ N̂, Gτ = N} be as in Lemma 1.1. Then
1 = ‖δe‖22 =
∫
Ĝ
tr
(
π(δe)π(δe)
∗)dμG(π)
=
∫
Ĝ
dπ dμG(π) =
∫
S
dπ dμG(π) [G : GF ]μG(S)
= [G : GF ]μG(Ĝ).
Thus μG(Ĝ) [G : GF ]−1 and therefore
mG(Aδe )μG(Bδe ) μG(Ĝ) [G : GF ]−1.
So validity of the weak QUP entails G = GF .
Now, since G is a group with finite conjugacy classes and has an abelian subgroup A of finite
index, the centre Z(G) has finite index in G. In fact, if F is a finite subset of G such that G = FA,
then the centralizer CG(F) of F has finite index in G and A ∩ CG(F) ⊆ Z(G). Let Z = Z(G)
and for each χ ∈ Ẑ, let
Ĝχ = {π ∈ Ĝ: π |Z is a multiple of χ}.
For simplicity, we let dχ = dμZ(χ). Define a Borel measure μ on Ĝ by
μ(M) =
∫
Ẑ
( ∑
ρ∈Ĝχ∩M
d2ρ
)
dχ.
We claim that μ is translation invariant.
To see this, fix π ∈ Ĝ and let η ∈ Ẑ such that π ∈ Ĝη. Observe that for any σ ∈ Ĝ and χ ∈ Ẑ,
supp(π ⊗ σ) ∩ Ĝχ = ∅ only if σ ∈ Ĝηχ and in this case supp(π ⊗ σ) ⊆ Ĝχ . Then, using that
π ⊗ σ =∑τ∈Ĝ m(τ,π ⊗ σ)τ and the translation invariance of Haar measure on Ẑ, we obtain∫
Ĝ
π (1M)(τ) dμ(τ) = d−1π
∑
σ ∈ Ĝ
dσ 1M(σ)
∫
Ĝ
d−1τ m(σ,π ⊗ τ) dμ(τ)
= d−1π
∑
σ∈M
dσ
∫ ( ∑
τ∈Ĝ
m(σ,π ⊗ τ) dτ
)
dχẐ χ
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∫
Ẑ
∑
σ∈M
dσ
( ∑
τ∈Ĝχ
m(τ,π ⊗ σ)dτ
)
dχ
= d−1π
∫
Ẑ
∑
σ∈M∩ Ĝχη
dσ
(∑
τ∈Ĝ
m(τ,π ⊗ σ)dτ
)
dχ
=
∫
Ẑ
( ∑
σ ∈M∩ Ĝηχ
d2σ
)
dχ =
∫
Ẑ
( ∑
σ ∈M∩ Ĝχ
d2σ
)
dχ
=
∫
Ĝ
1M(τ)dμ(τ).
Note next that for each χ ∈ Ẑ and π ∈ Ĝχ ,
m
(
π, indGZ χ
)= m(χ,π |Z) = dπ
by the Frobenius reciprocity theorem. Thus
[G : Z] = dim(indGZ χ)= ∑
π∈Ĝχ
m
(
π, indGZ χ
)
dπ =
∑
π∈Ĝχ
d2π .
This implies that
μ(Ĝ) =
∫
Ẑ
( ∑
π∈Ĝχ
d2π
)
dχ = [G : Z]μZ(Ẑ) = [G : Z].
Since νG(Ĝ) = 1 and μ is translation invariant, it follows that νG = [G : Z]−1μ. Consequently,
μG(M) = 1[G : Z]
∫
Ẑ
( ∑
π∈Ĝχ∩M
dπ
)
dχ
for every Borel subset M of Ĝ.
Since the weak QUP holds for G, we must have μG(Ĝ) = μG(Bδe )  1. It follows that for
almost all χ ∈ Ẑ, ∑
π∈Ĝχ
dπ =
∑
π∈Ĝχ
d2π
and therefore dπ = 1 for almost all π ∈ Ĝ. This implies that G = GF . Note that since the cosets
ρ⊗ ̂G/[G,G], ρ ∈ Ĝ, are open in Ĝ, the function π → dπ is locally constant on Ĝ. We conclude
that dπ = 1 for all π ∈ Ĝ and so G is abelian. 
In the countable case we could have alternatively deduced Lemma 3.2 from the Plancherel
formula for compact group extensions due to Kleppner and Lipsman [17, Theorem 4.4], the
proof of which, however, utilizes much more sophisticated tools.
E. Kaniuth / Journal of Functional Analysis 257 (2009) 340–356 351Now we can already show Theorem 3.1. Assuming that G0 is compact, we have to verify that
G/G0 is abelian. The totally disconnected Moore group G/G0 is a projective limit of discrete
groups [21, Theorem 3]. Therefore, since G0 is compact, there exists a system of compact open
normal subgroups Kα in G such that
⋂
Kα = G0 (compare the proof of Theorem 2.4). For
each α, by Lemma 2.1 the weak QUP holds for G/Kα and hence G/Kα is abelian by Lemma 3.2.
It follows that [G,G] ⊆⋂Kα = G0, and we are done.
The following theorem shows that, at least under some mild additional hypothesis, the con-
verse of Theorem 3.1 is true.
Theorem 3.3. Let G be a Moore group. Then the weak QUP holds for G provided that one of the
following two conditions is satisfied.
(i) G0, the connected component of the identity, is noncompact.
(ii) G0 is compact, G/G0 is abelian and G is a Lie group.
It is clear from Theorem 2.4 that the weak QUP holds for the group G whenever G0 is non-
compact. The proof that condition (ii) entails the weak QUP is more complicated and requires
two lemmas. The first one relates μG(Bf ) and μH(Bf |H ) for an open subgroup H of G of finite
index.
Lemma 3.4. Let G be a Moore group containing a compact normal subgroup K such that G/K
is abelian. Let H be a closed subgroup of G such that K ⊆ H and G/H is finite. Then, for any
f ∈ L1(G),
μH(Bf |H ) [G : H ]3μG(Bf ).
Proof. In what follows we retain the notations introduced in Section 2. Let
B˜f =
⋃
{χ ⊗ Bf : χ ∈ Ĝ/H }.
Then, since μG(M) = μG(χ ⊗ M) for every Borel subset M of Ĝ and χ ∈ Ĝ/K ,
μG(B˜f )
∑
χ∈̂G/H
μG(χ ⊗ Bf ) = [G : H ]μG(Bf ).
It therefore suffices to show that μH(Bf |H ) [G : H ]2μG(B˜f ). To that end, consider any ρ ∈ Ĥ
and σ ∈ Ĝ such that ρ  σ |H , and let
χ ∈ r−1(t−1ρ (Bf |H ∩ (ρ ⊗ Ĥ/K))).
Then (χ |H ⊗ ρ)(f |H ) = 0 and this implies that (ϕ ⊗ σ)(f ) = 0 for some ϕ ∈ Ĝ/K extending
χ |H , that is, ϕ ∈ χ · Ĝ/H . Indeed, this follows from
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= [G : H ]−1(χ ⊗ σ)
(( ∑
η∈̂G/H
η
)
· f
)
=
∑
η∈̂G/H
(ηχ ⊗ σ)(f )
and χ |H ⊗ρ  χ |H ⊗σ |H . The fact that (ϕ ⊗σ)(f ) = 0 for some ϕ ∈ χ · Ĝ/H means precisely
that χ ⊗ σ ∈ B˜f . Thus we have seen so far that
r−1
(
t−1ρ
(
Bf |H ∩ (ρ ⊗ Ĥ/K)
))⊆ t−1σ (B˜f ∩ (σ ⊗ Ĝ/K)).
Since μ
̂H/K
is the image of μ
̂G/K
under the restriction map r : Ĝ/K → Ĥ/K , an application of
Lemma 1.1 to both G and H yields
μH
(
Bf |H ∩ (ρ ⊗ Ĥ/K)
)= dρ
kρ
μH/K
(
t−1ρ
(
Bf |H ∩ (ρ ⊗ Ĥ/K)
))
= dρ
kρ
μG/K
(
r−1
(
t−1ρ
(
Bf |H ∩ (ρ ⊗ Ĥ/K)
)))
 dρ
kρ
μG/K
(
t−1σ
(
B˜f ∩ (σ ⊗ Ĝ/K)
))
= dρkσ
kρdσ
μG
(
B˜f ∩ (σ ⊗ Ĝ/K)
)
.
Note next that since the support of σ |H equals the G-orbit G(ρ) of ρ, we have dσ = dσ |H |G(ρ)| · dρ . We now estimate kσ . Let Gσ and Hρ be the subgroups of G and H defined by
Ĝ/Gσ = {χ ∈ Ĝ/K: χ ⊗ σ = σ } and Ĥ/Hρ = {λ ∈ Ĥ/K: λ ⊗ ρ = ρ},
respectively. If χ ∈ Ĝ/Gσ then χ |H ⊗ σ |H = σ |H and hence χ |H ⊗ ρ ∈ G(ρ). Moreover,
if χ1, χ2 ∈ Ĝ/Gσ are such that χ1|H ⊗ ρ = χ2|H ⊗ ρ, then (χ−12 χ1)|H ⊗ ρ = ρ and so
(χ−12 χ1)|H ∈ Ĥ/Hρ . These two facts imply
kσ  [G : H ] ·
∣∣G(ρ)∣∣ · kρ.
Combining this with the above inequality between dσ and dρ gives
μH
(
Bf |H ∩ (ρ ⊗ Ĥ/K)
)
 [G : H ]μG
(
B˜f ∩ (σ ⊗ Ĝ/K)
)
.
Finally, let S ⊆ Ĝ be such that K̂ is the disjoint union of the supports of the representations σ |K ,
σ ∈ S, and for each σ ∈ S, choose ρσ ∈ Ĥ such that ρσ  σ |H . Then Ĥ is the disjoint union
Ĥ =
⋃( ⋃
(ρ ⊗ Ĥ/K)
)
.σ∈S ρ∈G(ρσ )
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μH(Bf |H ) =
∑
σ∈S
( ∑
ρ∈G(ρσ )
μH
(
Bf |H ∩ (ρ ⊗ Ĥ/K)
))
 [G : H ] ·
∑
σ∈S
∣∣G(ρσ )∣∣μG(B˜f ∩ (σ ⊗ Ĝ/K))
 [G : H ]2μG(B˜f ).
Since μG(B˜f ) [G : H ]μG(Bf ), the proof is complete. 
Lemma 3.5. Let G = AK , where K is a connected compact open subgroup of G and A is a
closed subgroup which is contained in the centre of G. Let f ∈ L1(G) be such that μG(Bf ) < ∞.
Then, for each a ∈ G, f |aK is either zero or nonzero almost everywhere on aK .
Proof. Since BLaf = Bf for each a ∈ G, we can assume that a = e. Let P be a subset of Ĝ with
the property that each G-orbit G(τ), τ ∈ K̂ , coincides with exactly one of the sets supp(π |K),
π ∈ P . Since A ⊆ Z(G) and G/A is connected, by Lemma 1.3
μG(E) =
∑
π∈P
dπμG
(
t−1π
(
E ∩ (π ⊗ Ĝ/K)))
=
∑
π∈P
dπ
∫
̂G/K
1E(π ⊗ λ)dλ
=
∫
̂G/K
(∑
π∈P
dπ1E(π ⊗ λ)
)
dλ
for every Borel subset E of Ĝ. Thus, if μG(E) < ∞ then for almost all λ ∈ Ĝ/K , the set {π ∈ P :
λ ⊗ π ∈ E} is finite.
Let Haar measures on G and K be normalized such that mK = mG|K , mG/K is counting
measure and Weil’s formula holds. Let R ⊆ A be a representative system for the cosets of K
in G. Since, for a ∈ G, ∫
̂G/K
λ(a)dμG/K(λ) =
{
1 for a ∈ K
0 for a /∈ K
}
,
it follows that
π |K(f |K) =
∫
K
f (x)π(x)dmK(x)
=
∑
a∈R
( ∫
̂
λ(a)dμG/K(λ)
)∫
K
f (ax)π(ax)dmK(x)G/K
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∫
̂G/K
(∑
a∈R
∫
K
f (ax)λ(a)π(ax)dmK(x)
)
dμG/K(λ)
=
∫
̂G/K
(π ⊗ λ)(f )dμG/K(λ)
for each π ∈ Ĝ.
Now, let σ ∈ Bf |H and let π ∈ P such that π |K  σ . Then π |K(f |K) = 0 and hence, by the
preceding formula, (π ⊗ λ)(f ) = 0 for all λ in a nonempty open subset of Ĝ/K . By the first
paragraph of the proof there are only finitely many such π (for fixed λ) and hence only finitely
many σ ∈ K̂ with σ(f |K) = 0. Since K is connected, this means that either f |K = 0 or f |K is
nonzero almost everywhere on K . 
Using the preceding two lemmas, we are now in a position to prove that condition (ii) in
Theorem 3.3 implies the weak QUP. So suppose that G is a Lie group, G0 is compact and G/G0
is abelian. Since G is a Lie group, by Theorem 2 of [21] G contains a normal subgroup L of
finite index such that L/Z(L) is compact. Then G0 ⊆ L and the normal subgroup H = G0Z(L)
has finite index in G since G/Z(L) is compact and G0 is open in G. Moreover, H = G0Z(H).
Let f ∈ L1(G) ∩ L2(G), f = 0, and let K = G0. To show that mG(Af )μG(Bf ) 1, we can
assume that mG(Af ) < ∞ as well as μG(Bf ) < ∞. We claim that for any x ∈ G, f |xK is either
zero or nonzero almost everywhere on xK . To see this, let R be a representative system for the
cosets of H in G, and for r ∈ R, let fr = (Lrf )|H . Then, by Lemma 3.4,
μH(Bfr ) [G : H ]3μG(BLrf ) = [G : H ]3μG(Bf ) < ∞.
Thus, since H = Z(H)K , Lemma 3.5 applies and yields that for any x ∈ H , f |xK is either
zero or nonzero almost everywhere on xK . This of course implies that for every r ∈ R and
any x ∈ G, f · 1rH = Lr−1(f˜r ) is either zero or nonzero almost everywhere on xK . Since the
functions f · 1rH , r ∈ R, are supported on different cosets of H and K ⊆ H , it follows that the
same is true of f =∑r∈R f · 1rH .
We have seen so far that for each x ∈ G, either f |xK = 0 or f |xK = 0 almost everywhere.
Now define a function g on G/K by
g(xK) =
∫
K
f (xk)dmK(k), x ∈ G.
As before, let mG and mK be normalized such that mG(K) = mK(K) = 1. Then mG/K(Ag) =
mG(Af ) since g(xK) = 0 implies that f (xk) = 0 for all k in a set of positive measure and hence
for almost all k ∈ K . Moreover, μG/K is the measure induced from μG on Ĝ/K ⊆ Ĝ. Since
λ(g) = λ(f ) for every λ ∈ Ĝ/K , it follows that μG/K(Bg) μG(Bf ).
Finally, since G/K is abelian, the weak QUP holds for G/K [20] (for a simple proof see [16,
Lemma 1.1]) and consequently
mG(Af )μG(Bf )mG/K(Ag)μG/K(Bg) 1.
This finishes the proof of Theorem 3.3.
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implies the weak QUP used in a substantial manner the existence of a normal subgroup H of
finite index in G such that H/Z(H) is compact rather than the somewhat more restrictive hy-
pothesis that G is a Lie group.
(2) We have not been able to show that if a Plancherel group G is a projective limit of Lie
groups, Gα say, and each Gα satisfies the weak QUP, then so does G. If this were true then,
because every Moore group is a projective limit of Lie groups, the hypothesis that G be a Lie
group in Theorem 3.3(ii) could be dropped.
Whereas, by Theorem 2.4, the QUP holds for G if and only if it holds for GF , it follows from
Theorems 3.1 and 3.3 that when the weak QUP holds for GF , it may nevertheless fail for G.
In fact, every nonabelian discrete group G for which GF is abelian, serves as such an example.
However, if GF satisfies the weak QUP, then we at least have
mG(Ag)μG(Bg)
1
[G : GF ]
for every nonzero g ∈ L1(G) ∩ L2(G). This is an immediate consequence of part (i) of our final
lemma, while assertion (ii) might prove useful in subsequent investigations.
Lemma 3.7. Let G be a Moore group and let f ∈ L1(GF ) ∩ L2(GF ).
(i) If g ∈ L1(G) ∩ L2(G) is such that g|GF = f , then
mGF (Af )μGF (Bf ) [G : GF ]mG(Ag)μG(Bg).
(ii) Let g = f˜ , the trivial extension of f to all of G. Then
mGF (Af )μGF (Bf )mG(Ag)μG(Bg).
Proof. Of course, we can assume that mGF equals the restriction of mG to GF . We have seen
in the proof of Lemma 2.2 that if g ∈ L1(G) ∩ L2(G) is any extension of f , then μGF (Bf ) [G : GF ]μG(Bg). Since mGF (Af )mG(Ag), (i) follows.
For (ii), let A ⊆ G be a coset representative system for GF in G and recall that μG(M) =
[G : GF ]−1μGF (s−1(r(M))) for any Borel subset M of Ĝ (Proposition 1.1). Now, if π ∈ Bg and
supp(π |GF ) = G(τ), τ ∈ ĜF , then π |GF (f ) = π(g) = 0 and hence a · τ(f ) = 0 for at least one
a ∈ A. Since μGF (x ·M) = μGF (M) for every Borel subset M of ĜF and x ∈ G, it follows that
μG(Bg) = μG(Bg ∩ S) = [G : GF ]−1μGF
(
s−1
(
r(Bg ∩ S)
))
 [G : GF ]−1μGF
(⋃
a∈A
a · (Bf ∩ T )
)
 [G : GF ]−1
∑
a∈A
μGF
(
a · (Bf ∩ T )
)
= μGF (Bf ∩ T ) = μGF (Bf ).
Since mG(Ag) = mGF (Af ), (ii) is now obvious. 
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